In this paper we show that all conformal metrics to a pseudo-euclidean space (R n , g), invariant under the action of an (n − 1)-dimensional translation group, and all the conformal metrics product manifold ((R n , g) × F m ), also invariant by translation, where F m it is Ricci flat semi-Riemannian manifold, are gradient Ricci almost soliton. We also proved that all conformal metrics to a euclidean space and invariant by rotation are gradient Ricci almost soliton.
Introduction and main statements
Let (M n , g) be a semi-Riemannian manifold of dimension n ≥ 3. We say that (M, g) is a Ric g + Hess g (f ) = ρg,
where Ric g is the Ricci tensor, Hess g (f ) is the Hessian of f with respect the metric g, and ρ is a real number. A Gradient Ricci soliton is said to be shrinking, steady or expanding if ρ > 0, ρ = 0 or ρ < 0, respectively. When M is a Riemannian manifold, usually one requires the manifold to be complete. In the case of semi-Riemannian manifolds, one does not requires (M, g), to be complete (see [2] , [4] , [5] e [8] ).
Simple examples of gradient Ricci solitons are obtained by considering R n with the canonical metric g. Then (R n , g) is a gradient Ricci soliton, where We observe that the equations (1) can be considered a perturbation of the Einstein equation,
When f is constant we call the underlying Einstein manifold a trival Ricci Soliton.
In [1] , the authors considered gradient Ricci solitons, conformal to an n−dimensional pseudo Euclidean space, which are invariant under the action (n − 1)−dimensional translation group and provided all such solutions in the case Steady. In [11] the authors generalized the results for warped product M = B × f F , with F Ricci flat.
IIn [3] , the authors, it was introduced a natural extension of the concept of gradiente Ricci Soliton, the Ricci Almost Soliton. Thus, (M, g) is said to be a gradient Ricci almost soliton if equation (1) is satisfied for some ρ ∈ C ∞ (M). In this article, they provided existence and rigidity results, deduced a-priori curvature estimates and isoltion phenomena, and investigated some topological properties. Since gradient Ricci almost soliton contain gradient Ricci Soliton as a particular case, we say that the gradient Ricci almost soliton is proper if the function ρ is non-constant. (see [10] ).
In [6] , the authors proved that either, a Euclidean space R n , or a standard sphere S n , is the unique manifold with nonnegative escalar curvature which carries a structure of a gradient almost Ricci soliton, provided this gradient is a non trivial conformal vector field.
Finally, showed that a compact locally conformally flat almost Ricci soliton is isometric to In particular, this implies a local characterization for localy conformally flat gradident Ricci almost solitons, similar to that proved for gradiente Ricci solitons.
The local structure of half conformally flat gradient Ricci Almost solitons is investigated, recently in the article [10] , showing they are locally conformally flat in a neighborhood of any point where the gradient of the potential function is non-null.
Motivated by the work [1] and [11] , in this paper, first we will consider gradient Ricci almost soliton, conformal to a pseudo Euclidean space, which are invariant under the action of an (n − 1)−dimensional translation group. More precisely, let (R n , g) be the standard peseudo-Euclidean space with metric g and coordinates x = (x 1 , ..., x n ) with
a basic invariant for an (n − 1)−dimensional translation group. We want to obtain, in
We show in Corollary (1.1) that given any function ϕ(ξ) there are f and ρ such that the metric g it is a gradient Ricci almost soliton.
We will also show that in the case Riemannian, all metrics conformal to a euclidean metric and invariant by rotation are gradient Ricci almost soliton, see Corollary (1.3). In what follows, we will find family of gradient Ricci almost Soliton, in the case
Considering (B,
where the base is conformal to a pseudoEuclidean space which are invariant under the action of an (n−1)-dimensional translation group. More precisely, let (R n , g) be the pseudo-Euclidean space, n ≥ 3 whit coordinates In what follows, we state our main results. We denote by ϕ, x i , f, x i and h, x i first order derivative and ϕ, x i x j , f, x i x j and h, x i x j second order derivative of functions ϕ, f and h, with respect to x i and x i x j , respectively.
g) is a gradient Ricci almost soliton with f as a potential function if, and only if, the functions f and ϕ satisfy
and
We first obtain necessary and sufficient condition on f (ξ) and ϕ(ξ) for the existence of g. We show that these conditions are different depending on the direction α = 
) is a gradient Ricci almost soliton with f as a potential function if, and only if, the functions f , ϕ and ρ satisfy
In the next result we will find families of gradient Ricci almost soliton which are invariant under the action of an (n − 1)-dimensional translation group. When ε i 0 = 0 so by (6) ρ = 0, and this case, has already been proven in [1] .
is a gradient Ricci almost soliton, with f as a potential function, where the functions f and ρ are given by
and c and k are constants. 
Based on warped product theory, we will prove that all the conformal metrics product manifold R n × F m , where F m it is Ricci flat manifold and ϕ invariant under the action of an (n − 1)−dimensional translation group, are gradient Ricci almost soliton.
Theorem 1.4 Let (R n , g) be a pseudo-Euclidean space, n ≥ 3 with coordinates
x = (x 1 , ..., x n ), g ij = δ ij ε i . Consider M = (R n ,ḡ) × f F m , a warped product, where g = 1 ϕ 2 g
, F a semi-Riemannian Einstein manifold with constant Ricci curvature λ F and smooth functions not constants f (ξ), ρ(ξ) and h(ξ) and f is a positive function, where ξ
= n i=1 α i x i , α i ∈ R e n i=1 ε i α 2 i = ε i 0 = 0. Then the warped product metricg =ḡ + f 2 g F
is a gradient Ricci almost soliton with h as a potential function if, and only if, the functions ϕ, f , ρ and h satisfy
In the next result we prove that if f ϕ = 1 and F Ricci flat then the metricsg are gradient Ricci almost solitons. 
Corollary 1.2 Let (R n , g) be a pseudo-Euclidean space, n ≥ 3 with coordinates
x = (x 1 , ..., x n ), g ij = δ ij ε i . Consider M = (R n ,ḡ) × f F m , a warped product, where g = 1 ϕ 2 g, F a semi-Riemannian Einstein manifold Ricci flat. Consider f, ρ, h : R n → R, f (ξ), ρ
(ξ) e h(ξ) smooth functions not constants and f is a positive function, where
where c and k are constants. (1.2) , f ϕ = 1, the metricg can be rewritten 
Remark 1.1 Notice that, as in the Corollary
asg =ḡ + f 2 g F = 1 ϕ 2 g E + 1 ϕ 2 g F = 1 ϕ 2 (g E + g F ) .
So all metrics conformal to the product manifold (R
where c and k are constants.
Corollary 1.4 If (R n , g) is the Euclidean space, F a complete Riemannian manifold
Ricci flat and 0 < |ϕ(x)| ≤ c, for some constant c, then the metrics given by Corollaries (1.1), (1.2) and (1.3) are complete.
As a consequence of Corollary 1.4 we obtain the following example: 
Proofs of the Main Results

Proof of Theorem 1.1:
This demonstration is entirely analogous to the gradient Ricci soliton, see [1] .
Proof of Theorem 1.2:
We are assuming that f (ξ) and ϕ(ξ) are functions of ξ, where ξ = n i=1 α i x i . Hence, we have
Substituting these expressions into (4), we get
If there exist i = j such that α i α j = 0, then this equation reduces to
which is exactly the first equation of (6).
Similarly, considering equation (5), we get
Due to the relation between f ′′ and ϕ ′′ given by (15), the equation above reduces
We obtain the second equation (6) .
If, for all i = j, we have α i α j = 0, then ξ = x i 0 , and (4) is trivially satisfied for all i = j. Considering (5) for i = i 0 , we get
and hence the second equation of (6) is satisfied. Considering i = i 0 in (5), we get that the first equation (6) is also satisfied.
The reciprocal of this theorem can be easily verified.
This concludes the proof of Theorem 1.2.
Proof of Corollary 1.1:
Note that we can rewrite the equation of (15) in the following way
Taking y = f ′ , in this last equation, it is equivalent to first order linear differential equation
Resolving this EDO, we get
where c > 0. Thus,
Therefore obtain the first equation of (7). Moreover, substituting (16) in the second equation of (6), we will have the second equation of (7).
This concludes the proof of Corollary 1.1.
How f ϕ = 1, we obtain that
Note that we can rewrite equation (17) using the equation (18) h
Now, using the expression (24), the above equation reduces to 4(n − 1)ϕϕ
This concludes the proof of Theorem 1.5.
Proof of Corollary 1.3:
We begin by observing that the way we solve the first equation of (13) is analogous to the way we solve firs equation (6) . With this, we conclude that
Moreover, substituting (26) in the second equation of (13), we obtain the second equation of (14).
This concludes the proof Corollary 1.3.
Proof of Corollary 1.4:
Consider the Euclidean space (R n , g), n ≥ 3 and a metric g given by Corollaries
(1.1)and (1.3). If 0 < |ϕ(x)| ≤ c, then the metric g is complete, since there exists a constant k > 0, such that for any vector v ∈ R n , |v| g ≥ k|v|. We have that M = (R n ,ḡ) × f F m , is complete if, and only if, (R n ,ḡ) and F m are complete, (see [7] ). Then the metrics obtained in Corollary (1.2) are complete.
This concludes the proof Corollary 1.4.
